ABSTRACT. In this paper we study q-subharmonic and q-plurisubharmonic functions in C n . Next as an application, we give the notion of q-convex domains in C n which is an extension of weakly q-convex domains introduced and investigated in [10] . In the end of the paper we show that the q-convexity is the local property and give some examples about q-convex domains.
Introduction
The notion about q-plurisubharmonic functions in the case of functions of C 2 -class has been introduced and investigated first by Andreotti and Grauert in [2] . After that, Hunt and Murray gave a natural extension of this notion to the class of upper semi-continuous functions (see [13] ). Next, in [10] Ho has introduced the class of q-subharmonic functions and weakly q-convex domains in C n and proved that the equation ∂u = g has solutions u for every ∂-closed form g of bidegree (0, r) ( r q) on these domains. Recently, H. Ahn and N. Q. Dieu have proved a version of Donnelly-Fefferman theorem for the ∂-equation on q-convex domains (see [1] ). In this note we continue to study the two classes of q-subharmonic and q-plurisubharmonic functions and domains in C n defined by these functions.
In Section 2 we recall the definitions of q-subharmonic and q-plurisubharmonic
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functions. We establish some basic properties of the two classes of these functions and give some relations between them. In Section 3 we introduce the notion of q-convex domains in C n . It is an extension of the weakly q-convex domains introduced and investigated by L.-H. Ho in [10] . The main result in this section is to prove that the q-convexity is the local property (see Theorem 3.3) . We remark that the implication from local q-convexity to q-convexity is more difficult than the classical proofs for pseudoconvexity and hyperconvexity. More precisely, in the pseudoconvex case, the idea is to use plurisubharmonicity of − log d Ω (z). However, we show that, for general, q-convex domains, − log d Ω may not be q-subharmonic. On the other hand, for hyperconvexity, we use the upper boundedness of local functions in the patching processing (see [12] ). This fact is again not available in our context. Therefore, it is necessary to introduce new techniques in the proof for the q-convex case. An another remarkable result is to establish the q-convexity of Hartogs domains which we present in the end of the paper.
q-subharmonic and q-plurisubharmonic functions in C n
First we recall the following definition of q-subharmonic functions which has been introduced by H. Ahn and N. Q. Dieu in [1] (also see [10] ).
Ò Ø ÓÒ 2.1º
Let Ω be an open set in C n and let 1 q n. A semicontinuous function u defined in Ω is called a q-subharmonic function if for every q-dimension space L in C n , u| L is a subharmonic function on L ∩ Ω. This means that for every compact subset K L ∩ Ω and every continuous harmonic function h on K such that u h on ∂K then u h on K.
The set of all q-subharmonic functions in Ω is denoted by SH q (Ω).
Compared with subharmonic and plurisubharmonic functions in potential and pluripotential theory it is easy to see that 1-subharmonic functions are plurisubharmonic and n-subharmonic functions are subharmonic.
Next we recall the definition of q-plurisubharmonic functions given by Hunt and Murray in [13] (also see [6] ).
Ò Ø ÓÒ 2.2º
Let Ω be an open set in C n and u : Ω → [−∞, +∞) be an upper semi-continuous function. Let q be an integer, 0 q n − 1. u is said to be a q-plurisubharmonic function on Ω if for every complex linear subspace q-SUBHARMONICITY AND q-CONVEX DOMAINS IN C n L of dimension q + 1 intersecting Ω, for every closed ballB in L and for every smooth plurisuperharmonic function g defined in a neighborhood ofB in L satisfying u g on ∂B it follows that u g onB. Here a function g is said to be plurisuperharmonic if −g is a plurisubharmonic function. The set of all q-plurisubharmonic functions in Ω is denoted by P SH q (Ω).
The following basic properties of q-subharmonic functions can be proved in the same way as for subharmonic functions.
ÈÖÓÔÓ× Ø ÓÒ 2.3º
Let Ω be an open set in C n and 1 q n. Then the following hold:
is a non-negative smooth radial function in C n vanishing outside the unit ball and satisfying C n dV n = 1. Moreover, u * ε is decreasing to u when ε ↓ 0.
5) If χ is a convex increasing function in R and u is q-subharmonic in Ω,
then so is χ • u.
P r o o f. In fact, the proof of this proposition are from properties of subharmonic functions. However, for convenience to readers we provide a bit more details. The proof of 4) and 5) is exact as in [1: Proposition 1.2]. Now, we give the proof of 1).
Hence, αu + βv ∈ SH q (Ω) and 1) follows. Similarly, it is easy to see that 2) and 3) hold because these properties are true for subharmonic functions.
Now we give the following.
Ì ÓÖ Ñ 2.4º Let u be a upper-semicontinuous function on
, where L 1 (Ω, loc) denotes the set of locally integrable functions on Ω.
Then the following statements are equivalent.
0 in the sense of currents, where ω := i∂∂|z| 2 . 
4)
We assume that g is as in the statement of the theorem. From Definition 2.1 it follows that u + g is a subharmonic function on Ω ∩ L. Hence, the maximum principle for subharmonic functions gives 2). By the hypothesis 2) and Definition 2.1 we infer that 2) =⇒ 1). Now, we prove 1) ⇐⇒ 3). First, we assume that u ∈ C 2 (Ω). Let u ∈ SH q (Ω) and z 0 ∈ Ω. By [4, chapter IX] we can choose a system of coordinates (z 1 , . . . , z n )
of C n such that the Hessian
Let u be as in the statement of the theorem. By putting u ε = u * ε and applying the above results to u ε we obtain the desired conclusion.
Finally, we prove 1) ⇐⇒ 4). By Ho (see [10] ), it is easy to see that this fact is true if u ∈ C 2 (Ω). In the case u is arbitrary we note that the assertion is true for u ε . Let ε 0 we obtain the assertion for u and the proof of the theorem is complete.
Next we obtain the following interest result which is an extension of a result of Ho (see [10: Theorem 2.4] 
Conversely, assume that (2.1) is satisfied. Let u be an arbitrary (0, q)-form. First we prove that
where C 3 is a positive constant only depending on q, n. Indeed, let v be a (0, q)-form with coefficients defined by
where C 4 > 0 is a constant only depending on q, n. Hence, we get
where C 3 > 0 is a constant only depending only q, n. Hence (2.2) is proved. Now, using (2.2), we have
Applying the inequality −|xy| −| 
the desired conclusion follows.
Remark 2.6º
Let Ω be an open set in C n and u ∈ L 1 (Ω, loc).
Indeed, it is easy to see that
Thus the desired conclusion follows from Theorem 2.4.
2) If u is a q-subharmonic function in Ω then u is also a r-subharmonic function in Ω for every q r n. Indeed, since u is q-subharmonic then i∂∂u(z) ∧ ω
Thus there exists ϕ ∈ P SH q (Ω)\SH q+1 (Ω). Indeed, in the converse case, we have
However, if we take ϕ(
and we get a contradiction.
ÓÖÓÐÐ ÖÝ 2.7º Let u be in SH
denotes the canonical projection. Moreover, for every n > 1 and for all 1 < q n, there exists a q-subharmonic function on
On the other hand, since
. Next, we prove the second conclusion of the corollary. Consider the function ϕ(z) = |z|
From remark 2.6 the desired conclusion follows.
n be an open set and π :
We need the following.
Ä ÑÑ 2.9º
Let Ω ⊂ C
n be an open set and u an upper semi-continuous function ) ∈ B which we may assume that (z 0 , z
Hence by Definition 2.2 it follows that u is n-plurisubharmonic. The lemma is proved.
P r o o f. LetB be a closed ball in V and ϕ a smooth plurisuperharmonic function in
The maximum principle for q-plurisubharmonic functions in [7] implies that u − ϕ • T λ j e j = (0, z n+1 ) ∈ L, where z n+1 = 0. From this result it is easy to see 
On the other hand, since {u j } is decreasing and pointwise converges to u we have
Hence we have
and we get a contradiction. Now, we give some basic properties of Θ q−1 -subharmonic functions.
ÈÖÓÔÓ× Ø ÓÒ 2.13º Let Θ be a positive (1, 1)-form with C ∞ coefficients and let 1 q n. Then the following hold: 
3) If χ is a smooth convex increasing function in R and u is
Hence, the desired conclusion follows. 2) Assume that u ∈ SH Θ q−1 (Ω) and r is an integer with q r n. For every ball B Ω by definition 2.11 there exists a decreasing sequence
which is pointwise convergent to u on B such that i∂∂u j ∧ Θ
it follows that u ∈ SH Θ r−1 (Ω).
3) Assume that u ∈ SH Θ q−1 (Ω). Let B Ω be a ball. Definition 2.11 implies that there exists a decreasing sequence {u j } ⊂ C 2 (B) which pointwise converges to u on B such that i∂∂u j ∧Θ q−1 0 in B. Since χ is a smooth convex increasing function in R so the sequence {χ • u j } ⊂ C 2 (B) decreasing pointwise to χ • u on B and
We prove 4). First we prove the following assertion. Let {u j } and {v j } be two decreasing sequences of continuous functions which pointwise converge to u and v in Ω respectively. Assume that u < v on Ω and Ω Ω. Then there exists a subsequence {u k j } of the sequence {u j } such that u k j < v j in Ω for every j. Indeed, we begin with v 1 . Let z ∈ Ω. Since lim 
Using the above result we can choose a subsequence {v
Repeating the above result we can choose a subsequence v 
1) u is (i∂∂ψ)
Now applying the hypothesis to the subspace L = span{f k : k ∈ J} containing x 0 , we have
Hence, λ J 0. On the other hand, the positivity is invariant with respect to complex isomorphisms of C n , we get i∂∂u(
0. This completes the proof of the sufficiency.
2) We may assume that u ∈ C 2 . If u is not a (q − 1)-plurisubharmonic function then there exists x 0 ∈ Ω such that the matrix
has at least q negative eigenvalues. Hence, we have
which contradicts 1). The proof is complete.
Applications to q-convexity
In this section, we will introduce the notion about q-convex domains and establish some results concerning to these domains. We begin with the following. 3) By [7] , every n-dimensional connected non compact complex manifold has a strongly subharmonic exhaustion function with respect to any hermitian metric ω. Thus, every open set in C n is n-convex.
4)
A pseudoconvex domain in C n is exactly 1-convex. However if we take
, Ω is a n-convex domain. We notice that the function − log d(•, ∂Ω) = − log |z| in a neighborhood of 0, and hence, it is not subharmonic in Ω. Thus, there exist q-convex domains in C n but the
is not q-subharmonic on Ω. This is also the difference between the q-convex and the pseudoconvex domains.
Now we are position to prove the equivalence between the local q-convexity and the global q-convexity. Namely, we have the following.
The proof of the necessity is obvious. In order to prove the sufficiency we need the following auxiliary lemmas.
Ä ÑÑ 3.4º Assume that ρ > 1 is a smooth exhaustion function in
Then there exists a smooth increasing convex function χ such that χ • ρ ρ and 
exists a constant C 1 > 0 only depending on q, n and sup
We can assume that τ is smooth (since if τ is continuous then we can approximate τ by a sequence of smooth increasing convex functions). Let u = |J |=q
Hence, by a computation we have
Next using the inequality (x + y) 
Moreover, since τ is increasing and ϕ < 0 so
it follows that
where C 3 is a positive constant only depending q, n and sup
On the other hand, by (2.2) we have
where C 4 are a positive constant also only depending on q, n. Therefore, 
Therefore for every ε > 0 sufficiently small we have
it is easy to see that ρ j and ϕ j satisfy the hypothesis of Step 1, and hence, there exists a constant C j > 0 only depending on q, n and sup
for every ε sufficiently small.
Moreover, it is clear that
and define
Then, we deduce that
Step 3.
It is clear that ϕ is an exhaustion function for Ω. We prove that ϕ is continuous on Ω. Indeed, first we prove φ ε is continuous on Ω∩ Ω \K is continuous, it follows that φ| Ω \K is continuous. Thus ϕ is continuous on Ω , and hence, ϕ is a continuous q-subharmonic exhaustion function for Ω. The desired conclusion follows.
It is follows that
As well-known that, if Ω is a pseudoconvex domain in C n and K Ω then Ω \ K is not pseudoconvex. A raised question here is in the case of q-convex domains how is the above situation? The following proposition shows that if we take a small enough subset out a q-convex domain then q-convexity may be broken. Hence Ω × C is a q-convex domain. It is easy to check that Ω ϕ = (Ω × C) ∩ (z, λ) ∈ C n × C : |λ| < e −ϕ(z) is max(p, q)-convex. This completes the proof.
